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What Happens When an Equilibrium Becomes Unstable?
An Introduction to Linear Stability Analysis *
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Abstract

The microscopic concept of “statistical averaging” allows us to
describe the complicated behaviour of all the atoms and molecu-
les in a chemical reaction by the macroscopic concept of the rate
equation. We can examine our reaction on a higher level and do
not have to pay attention to what is going on on the lower one.
However there is a “gray” area between these two levels since the
microscopic processes permanently produce small perturba-
tions of the macroscopic levels.

If an equilibrium state is perturbed, the perturbation can damp
out and we have a stable state, or it can increase and create a new
stable state. Below, we discuss in detail what can happen when
an equilibrium state experiences small perturbations.

Stability

A chemist is accustomed to having all his reactions
approach some equilibrium smoothly. These reactions
can be described by appropriate potentials such as the
entropy, Gibbs free energy etc., according to the bound-
ary conditions. It is quite exciting when one finds reac-
tions like the Belusov-Zhabotinsky reaction [6-9] that do
not care about this “law of nature” and are able to oscil-
late or to produce a pattern in space. The underlying laws
of these reactions are not restricted to chemistry. Some of
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the best known examples are from biology [2, 3], elec-
troengineering (e. g. oscillators) etc. We shall now look at
what sort of different behaviors are possible and how we
can determine the circumstances under which they
emerge.

In chemistry reactions are normally described in terms
of concentrations c;(#,t)*, which are thought of as
smoothly varying functions of time. The progress of the
reaction can then be described by a differential equation,
the rate equation, in the form given below:

dey/dt = f(c;,t)

From this, together with the initial concentrations, we are
able to evaluate the concentrations at any time t (see
appendix 1).

The first step is to realize that on a microscopic level there
is no such thing as “smoothly varying”. There are atoms
and molecules bouncing around and reacting in a sto-
chastic manner. Only by averaging in space and/or time
can we get rid of the fast statistical fluctuations. This is
exactly what happens when we make measurements with
any instrument. The microscopic fluctuations, however,
are still present! Every density or concentration in a

*7is a vector that indicates a point in space: (X, y, z)
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