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Abstract: Accurate simulations of molecules require high-level electronic-structure theory in combination with 
rigorous methods for approximating the quantum dynamics. Machine-learning approaches can significantly re-
duce the computational expense of this workflow without any loss of accuracy. We discuss various methods for 
constructing potential energy surfaces including transfer learning, which requires a minimal number of expensive 
training points. In this way, we can study chemical reactions at a high level but at a low cost. In particular, as the 
potentials are smooth and differentiable, they enable the use of more advanced semiclassical approximations 
to quantum dynamics, such as perturbatively corrected instanton theory, which can capture both tunnelling and 
anharmonicity.
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1. Introduction
Quantitative molecular simulations require both accurate po-

tential energy surfaces (PESs) and accurate quantum-dynamics 
methods. Unfortunately, highly accurate ab initio electronic-
structure calculations are computationally extremely expensive. 
For example, coupled cluster with singles, doubles and perturba-
tive triples, CCSD(T), which is considered the ‘gold standard’ for 
single-reference problems, scales as O(N7), where N denotes the 
number of basis functions. This means that doubling the size of the 
molecule requires 128 times more computational time. Simulating 
quantum dynamics for nuclear motion can be even harder as it 
scales exponentially with the number of degrees of freedom. In 
this overview we discuss recent progress on a two-pronged attack 
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Learnable descriptors are the result of an optimization pro-
cess which minimizes a given loss function. For PhysNet this is a 
weighted squared loss including energies, forces, and molecular 
dipole moments. To fully specify the problem, additional (user-
specified) hyperparameters are required. These include, for ex-
ample, the relative weights in the loss function, the number of 
layers the NN consists of, the length of the atomic descriptors, 
the type and number of basis functions used to encode the spatial 
coordinates of the system, or the radial cutoff which defines the 
near- or far-sightedness of a trained model.[3,14] All these quanti-
ties can be varied and model performance may depend on the 
choices made.[13]

The cornerstone for constructing an ML-PES is the data used 
to train it. An open challenge in the field concerns the number of 
data points and the geometrical structures chosen to cover con-
figurational space for the system of interest to obtain a robust ML-
PES for a single chemical species. More broadly speaking: it is of 
great interest to make ML-PESs for individual chemical species 
also suitable for related, but different chemical compounds. This 
is also referred to as ‘chemical transferability’ which is a great 
challenge due to the vast size of chemical space.[15,16] However, 
obtaining complete coverage of chemical and conformational 
space for the construction of an ML-PES is an impossible task; 
therefore, biases in databases are inevitable.[17]

Although for small molecules, one can train directly on 
CCSD(T) data,[18] obtaining a sufficiently large number of data 
points for molecules of the size of tropolone (9 heavy atoms) at 
the CCSD(T)/aug-cc-pVTZ level of theory is very challenging or 
even impossible without further approximations.[19] Therefore, a 
solution based on using transfer learning (TL)[4] to improve a base 
ML-PES constructed at a modest level of theory (MP2) to the 
required level of theory (CCSD(T)) using a minimal number of 
high-level calculations selected using an algorithm based on far-
thest-point sampling[20] was employed.[21,22] Generating a suitable 
training dataset for an ML-PES is usually an iterative process and 
requires careful selection of the high-level training points which 
can be partly automated.[21]

Other important aspects to consider when choosing a neural-
network architecture include floating-point precision and the pro-
gramming language. Most modern ML algorithms operate with 
single-precision (32-bit) arithmetic; however, in MD simulations 
this can be problematic. Recent studies[23] have shown that models 
trained in single precision produce unreliable derivatives, yield-
ing rougher ML-PES surfaces compared to those obtained with 
double precision (64-bit).

A concrete application of an NN-based representation using 
PhysNet and employing transfer learning is discussed further be-
low.

2.2 Reproducing Kernels
For sufficiently small systems, kernel-based methods have 

emerged as a powerful alternative to NNs.[24–26] As a recent ex-
ample for the performance of a reproducing kernel Hilbert  
space (RKHS) approach, the reactive PES for the  
O(3P) + O

2
(X3 ) → O(3P) + O

2
(3 ) system was constructed 

from reference calculations at the MRCI+Q level of theory to-
gether with the aug-cc-pVTZ basis set. The MRCI+Q calcula-
tions were based on multistate CASSCF(12,9) calculations and 
8 states were included in the state-averaged calculations. The 
grid for the single-channel PESs included 2269 geometrically 
feasible ground-state geometries and the three possible chan-
nels (O

A
O

B
+O

C
, O

A
O

C
+O

B
, and O

B
O

C
+O

A
) were mixed using 

an exponential switching function depending on the internucle-
ar separations. For the crossing region, a separate data set was 
generated. The single-channel PES featured a representation 
error with a root-mean-square deviation (RMSD) < 10−5 eV  
(0.0002 kcal/mol) and r 2 = 1.0 across 9 eV whereas the 

of this central challenge in chemistry, culminating in the combined 
use of highly accurate machine-learned PESs with advanced semi-
classical approximations to quantum dynamics.

Constructing a PES using machine learning (ML) is a multi-
step process, ranging from the formulation and definition of the 
problem of interest to validating the fitted model and performing 
further refinements.[1–3] The aim is to minimize the number of 
reference points required to achieve the quality level needed for 
the problem to be solved. One method to achieve this is ‘transfer 
learning’,[4] which elevates a model thoroughly trained at a lower 
level of theory to a higher level by supplying only a small num-
ber of high-level training data. This is particularly relevant for  
neural networks (NN) which would otherwise require consider-
able amounts of training samples (thousands to tens of thou-
sands).

After the machine-learning process is completed, we can run 
dynamical simulations at considerably reduced computational ex-
pense even though it is necessary to evaluate the PES for a large 
number of geometries (~106 or more), depending on the type and 
purpose of the simulation. However, despite this saving, the in-
trinsic cost of full quantum dynamics can still be insurmountable.

Rigorous approximations to quantum dynamics are therefore 
required that scale as classical algorithms. For certain problems 
in reactive scattering, quasi-classical trajectory simulations are 
a good compromise between accuracy and efficiency. However, 
they cannot capture quantum effects such as tunnelling, which 
play an important role in many other reactions of interest. We 
therefore introduce the semiclassical ‘instanton’ approximation 
for simulating quantum tunnelling in molecules.[5–7] Recently, we 
have developed a systematic improvement to this approximation 
by including perturbative corrections to capture the anharmonic-
ity of molecular vibrations.[8] The resulting perturbatively correct-
ed instanton method combined with an accurate machine-learned 
PES is a powerful approach for predicting tunnelling effects in 
polyatomic molecules and, as we shall show, leads to excellent 
agreement with experiments.

2. Machine Learned Potential Energy Surfaces for 
Physical Simulations

The two machine learning-based techniques discussed in the 
present work are neural network (NN) and kernel representations 
of potential energy surfaces.[3,9] These two approaches are com-
plementary to one another in that they are often used for specific 
systems and applications as indicated below. However, the two 
techniques can also be combined such as in KerNN which, how-
ever, will not be discussed here.[10]

2.1 Neural Networks
One successful approach for training NN-based PESs uses 

graph neural networks (GNNs),[11] particularly message-passing 
neural networks (MPNNs),[12] whereby a molecule is represented 
as a graph with atoms as nodes and bonds as edges. A suitable 
atomic representation (embedding) is then directly trained from 
fitting the weights and biases of the NN to data.[2,13] In PhysNet, 
each atom is represented as a node with a learnable embedding 
initialized according to its atomic number Z. Atoms within a 
predefined cutoff radius (typically 6 Å) are connected by edges 
that encode interatomic distances through a radial basis expan-
sion, without relying on predefined chemical bonds or bond or-
ders. Hence, such an NN-architecture is by definition suitable 
for describing chemical reactions akin to ab initio molecular  
dynamics (MD) simulations. Through iterative message-pass-
ing, atomic representations are learned which describe each at-
om’s local geometric environments. Finally, the total energy of 
the molecule(s) considered is obtained as a sum of atomic en-
ergy contributions, possibly augmented by learned electrostatic 
interactions.[13]
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The molecular systems we are interested in have many degrees 
of freedom, such that solving the Schrödinger equation and obtain-
ing ∆ from the energy levels directly would be computationally 
impractical. We thus seek alternative approaches. Ring-polymer 
instanton theory[6,40,41] is a method that rigorously approximates 
the quantum-mechanical result with a classical computational 
cost and thus provides an attractive theoretical framework.

Although in practice, we simulate molecules in full dimen-
sionality, in this perspective article, we will introduce our methods 
in the context of a simple model—the 1D double-well depicted 
in Fig. 1.

In instanton theory, we start from an exact expression for the 
tunnelling splitting in terms of partition functions in the low-tem-
perature limit:[42]

Here β = 1/k
B
T is the inverse temperature familiar from thermo-

dynamics. The partition functions Z
double

 and Z
single

 correspond to 
a system with or without the inclusion of tunnelling. The former 
is the partition function for the double-well problem, whereas the 
latter is the partition function of a single well. These expressions 
are evaluated in the low-temperature limit such that only the low-
est vibrational states contribute. 

We then express the partition functions using the discretized 
path-integral formalism[41,43,44]

In this formalism, the partition function is calculated as an integral 
over trajectories in imaginary time τ = βℏ. The trajectories are 
represented by a vector x = (x

1
, . . . , x

N
) of N beads (and N imagi-

nary-time intervals δτ). Each bead xn is an instantaneous configu-
ration of the molecule. Lastly, the action is given by

where we employ cyclic boundary conditions x
0
 ≡ x

N
 .

At first sight, the multidimensional integral in Eqn. (2) seems 
immensely difficult to evaluate, since the integration range spans 
over every possible closed path that the atoms could follow (clas-
sically allowed or not). However, it is clear that not all paths will 
contribute equally. The most important path is the one which 
minimizes the action. Rigorous asymptotic analysis[45] allows the 
integral to be evaluated approximately based on the knowledge of 
this single path. This approach introduces a relative error of O(ℏ) 
and is thus known as a semiclassical approximation. However, if 
we are prepared to put in extra computational effort, it is possible 
to reduce the error to higher orders of ℏ. In this work, we will also 
present the perturbative corrections necessary to reduce the error 
to O(ℏ2).

To elucidate the principle behind this semiclassical approxi-
mation, we shall consider the following simple example of a one-
dimensional integral

where the function f(x) has a single global minimum . We ob-
serve that the maximum of the integrand occurs at . Furthermore, 

(1)

(2).

(3)

(4)

mixed PES, describing all 3 asymptotic channels, yielded  
RMSD = 0.047 eV (1.1 kcal/mol) and r 2 = 0.9981 for ‘on-grid’, 
and RMSD = 0.13 eV (~2.9 kcal/mol) and r 2 = 0.9951 for ‘off-
grid’ points.[27]

Quasi-classical trajectory (QCT) simulations using the 
RKHS-PES and a PES represented as permutationally invari-
ant polynomials (PIPs) based on extended multi-state (XMS) 
complete active space second-order perturbation theory (XMS-
CASPT2) with a minimally augmented correlation-consistent 
polarized valence triple-zeta (maug-vtz) basis set based on refer-
ence states from SA-CASSCF(12,9) calculations[28] were com-
pared with experiments. Both sets of extensive simulations yield-
ed very favorable agreement with measurements for the oxygen 
atom-exchange reaction.[29] Notably, both PESs used in the pres-
ent work–RKHS and PIP–feature ‘reefs’ in the entrance channel. 
Nevertheless, the QCT-simulations using both PESs reproduce 
the experimentally observed negative T-dependence of the ther-
mal rates for the exchange reaction. Hence, the notion that the 
‘reef’ in earlier PESs is responsible for the positive T-dependence 
of k(T),[30,31] which is inconsistent with experimental observa-
tions. For the atomization reaction O(3P) + O

2
(X3 ) → 3O(3P) 

the T dependence of the rate is correctly described,[32,33] but the 
magnitude depends on the electronic degeneracy g

e
 factor used. 

Assuming that the 27 possible oxygen states connect to the single 
ozone ground state O

3
(1A) yields g

e
 = 1/27, whereas adopting  

g
e
 = 16/3, borrowed from the O

2
 + Ar reaction,[34] yields rates 

that are two orders of magnitude larger and in almost quantitative 
agreement with measurements.

3. Perturbatively Corrected Instanton Theory
Many non-rigid molecular entities such as ammonia,[35] 

malonaldehyde[36] or water clusters[37] possess two (or more) sym-
metry-equivalent minimum-energy configurations. To a first ap-
proximation, this results in degeneracy of energy levels. Quantum 
mechanics however, allows the system to tunnel between the indi-
vidual configurations, which breaks the ground-state degeneracy, 
giving rise to two distinct energy levels.[38] The small difference in 
energy ∆ = E

−
 − E

+
 can be observed spectroscopically and is called 

a tunnelling splitting. These splittings are known to be highly sen-
sitive to the details of the PES[39] and the validity of the approxi-
mations used to simulate the quantum dynamics. For this reason, 
they make an excellent stress test for our methodology.

−xmin 0 xmin

x

E+

E−
Δ

Fig. 1. The double-well potential  is the sim-
plest model for a system with degenerate minima which result in a tun-
nelling splitting ∆. The lowest two energy levels E

−
 and E

+
 and wavefunc-

tions −(x) and +(x) are shown. Additionally, an instanton trajectory with 
N = 1024 beads is depicted.
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4. Combining Instanton Theory with Machine-learning 
Potentials

The combination of ML-PESs with instanton theory repre-
sents a transformative approach to solving the ‘accuracy vs cost’ 
dilemma in quantum dynamic simulations. For example, the 
calculation of tunnelling splittings using ring-polymer instanton 
(RPI) theory requires thousands of energy and force evaluations 
due to the large number of beads required to optimize the tun-
nelling path. In addition, hundreds of Hessians are required (one 
for each bead) after the optimization is completed. For the per-
turbative corrections, third- and fourth-order derivatives of the 
potential are additionally required for each bead. Although it is 
possible to optimize instantons on-the-fly using methods like 
DFT,[46–51] MP2[52] or CASSCF,[53] these calculations are expen-
sive, and performing these evaluations directly at the CCSD(T) 
level of theory is computationally unfeasible except for the small-
est of molecules.[54] For this reason, it is highly advantageous to 
use ML-PESs to speed-up calculations and reduce computational 
cost without losing precision. 

The first applications of ring-polymer instanton theory em-
ployed global ML-PESs constructed for general use, such as for 
water clusters.[55–58] However, constructing a spectroscopically ac-
curate global PES for larger molecules remains a big challenge in 
general. Combined applications of instanton theory with ML-PESs 
are saved by the fact that the instanton path only probes a small 
local region of the PES. We therefore proposed constructing an  
ML-PES targeting only the local region around the instanton.[59] 

This approach was based on Gaussian Process Regression 
(GPR)[60] and only required a small number of electronic-structure 
calculations (energies, gradients, and Hessians) computed along 
the instanton path, with new points added iteratively as the instan-
ton optimization is refined. For the case of H + CH

4
, the instanton 

calculation converged to give the same rate (within 1%) as the 
original on-the-fly calculation, despite the fact that it required 
only about 6 Hessians rather than 64. This brings the cost of an in-
stanton calculation into the same order of magnitude as a classical 
transition-state theory calculation, which would require at least 
two Hessians, one at the reactant minimum and one at the saddle 
point (and maybe more to aid the transition-state optimization). 
This GPR-instanton approach enabled the calculation of rates of 
reactions with larger molecules such as H + C

2
H

6
 and H + C

3
H

8
 

at the level of CCSD(T),[61] as well as reactions of molecules on 
surfaces in full dimensionality.[62] 

Although the GPR-instanton approach works well for lowest-
order instanton calculations, in order to employ the perturbative 
corrections, third- and fourth-order derivatives are additionally 
required. For computational efficiency, one would not want to 
compute such a high-order tensor using numerical derivatives at 
the level of CCSD(T). Therefore, we instead utilize the transfer-
learning approach to obtain a computationally efficient method-
ology, which was first applied to the proton-tunneling dynamics 
of malonaldehyde.[21] Using extensive sampling, a low-level NN-
PES was constructed from MP2 energies, gradients, and dipole 
moments. The instanton prediction for the tunnelling splitting on 
this low-level PES was 96.3 cm−1, compared with 21 cm−1 from 
the experimental measurements. However, by refining the PES 
based on only 25–50 CCSD(T) calculations at selected structures 
on or near the instanton path, the result dramatically improved 
to about 24 cm−1. Adding the perturbative corrections brought 
the theoretical result to 22 cm−1, in excellent agreement with the 
experiment.[23] It was also found that reducing the low-level model 
to either DFT or even Hartree-Fock levels still allows to elevate 
to CCSD(T)/aug-cc-pVTZ quality through transfer learning to ob-
tain accurate tunneling splittings.[63] 

As a cutting-edge application, tunneling splittings were deter-
mined for tropolone,[22] which is chemically related to malonalde-
hyde but with 15 rather than 9 atoms. This almost doubles the di-

the smaller ℏ is in comparison to f(x), the sharper the integrand 
becomes. Thus, as ℏ → 0, only the neighborhood of  contributes 
to I(ℏ) and it is a good approximation to express f(x) in terms of 
its Taylor series around the minimum :

with . Note that the first derivative does not appear 
as f (1)( ) = 0 at the minimum. The second derivative f (2)( ) encodes 
the frequencies and the higher-order derivatives encode anhar-
monic corrections. After inserting Eqn. (5) into Eqn. (4) and using 
exp(−y) ∼ 1 − y + y2/2! − ···, we can further simplify the original 
integral:

where we have not explicitly written the (Δx)3  term, as it integrates 
to zero, nor the (Δx)8 term as it contributes to the second-order 
O(ℏ2) correction. 

In this way, we have approximated the intractable integral in 
Eqn. (4) into three standard Gaussian integrals, which can be 
evaluated in closed form using well-known formulas. In the end, 
we obtain the simple approximation

As we see in Eqn. (7), the whole integral in Eqn. (4) can  
be approximated using only information from the stationary 
point . Apart from an extra complication due to a zero-frequen-
cy mode and a projection onto the ground-rotational state, which 
are dealt with in our original publication,[8] this approach can be 
directly generalized for the path integral of Eqn. (2) to give a 
closed-form expression in terms of the stationary path . This 
tunnelling path is called the instanton[5] trajectory and we depict 
it in Fig. 1. While the leading-order result (ignoring the Γ terms) 
requires only second derivatives of f(x), the result can be im-
proved by a perturbative correction ℏ(ΓA + ΓB) if one has access 
to the third and fourth derivatives of f(x). Analogously, standard 
instanton theory only requires Hessians of the PES along the 
instanton trajectory and the perturbative correction captures an-
harmonic contributions via the third and fourth derivatives of the 
PES. Testing this new theory on a number of systems, including 
one-dimensional double-well models as well as malonaldehyde, 
has shown that the perturbative correction significantly improves 
the accuracy of the result, in many cases, by reducing the error 
from 20% to 2%.[8]

(6)

(7a)

(7b)

(7c)

(5)
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mensionality and makes constructing a reactive PES significantly 
more complicated. Brute-force construction of an NN-PES is un-
feasible because each CCSD(T)/aug-cc-pVTZ/VTZ calculation 
(AVTZ for the 3 atoms directly involved in H-transfer and VTZ 
for all other atoms) now takes about 50 hours (using 4 processors, 
192 GB memory, and 200 GB disk space) which prevents calcula-
tion of the required ∼104 energies and gradients. For this reason, 
it was necessary to reduce the number of high-level calculations 
to about 25 carefully selected points. Again, the combination of 
transfer learning with perturbatively corrected instanton theory 
obtained excellent agreement with experiment, beyond what had 
been achieved in previous theoretical attempts.[64,65] The calcu-
lated splittings Δ

RPI
 = 1.07 cm−1 and Δ

RPI+PC
 = 0.94 cm−1 compare 

very favorably with the measurements Δ
Expt.

 = 0.974 cm−1.[66] 

Interestingly, the VPT2 vibrational spectrum from this TL-PES is 
also in excellent agreement with experiment. This confirms earlier 
findings that ML-PESs combined with VPT2 calculations provide 
a powerful tool for quantitative molecular spectroscopy far be-
yond what is possible from brute-force, electronic structure-based 
approaches.[67] 

As a final example, the TL-approach was applied to oxalate 
for which the IR-spectrum has been measured[68] but no tunnel-
ing splittings have been measured so far. In other words, tunnel-
ing splittings are now predicted. The experimentally determined 
IR-spectrum features an unusually broad band between 2000 
and 3000 cm−1 and was qualitatively reproduced in earlier MD 
studies.[69] However, the TL-PES at the CCSD(T)/aug-cc-pVTZ 
level of theory unambiguously assigned this particular spectral 
feature to the H-transfer motion.[70] In addition, the relative inten-
sities and positions of the framework modes (below 2000 cm−1) 
were in excellent agreement with the measured bands. Based 
on this validated ML-PES, the predicted H-transfer splitting is  
Δ

RPI+PC
 = 35 cm−1.

5. Conclusions and Outlook
In summary, we have presented examples for how high-accu-

racy simulations of molecules and chemical reactions can be per-
formed using a combination of machine learning with semiclas-
sical approximations to quantum dynamics. In future work, we 
plan to go beyond the approximations of instanton theory using 
path-integral molecular dynamics.[71,72] In principle, this method 
allows for the exact calculation of tunnelling splittings (within the 
errors of the underlying PES). Although it is significantly more 
expensive than the instanton approach, the computational cost can 
be met due to the development of efficient ML-PESs. In this way, 
we can have a direct test of the accuracy of the electronic-structure 
methods and the machine-learning procedures against experimen-
tal measurements from high-resolution spectroscopy.

In addition, the combined approach can be extended to both 
perturbatively corrected instanton rate theory[73] and nonadiabatic 
chemical reactions using golden-rule instanton theory.[74] In prin-
ciple, machine learning can be used not just for potential energy 
surfaces, but also for nonadiabatic couplings. There is, however, 
an extra complication that nonadiabatic couplings are double val-
ued (just as x2 = 4 has two solutions, x = ± 2) and change sign after 
winding around a conical intersection. This complication can be 
avoided by evaluating the outer product of the nonadiabatic cou-
pling vector with itself, resulting in a single-valued entity that can 
be learned using standard methods.[75,76]

The rapid evolution of the interface between ML and com-
putational chemistry represents a powerful symbiosis rather 
than a replacement of traditional theory. By learning and inter-
polating potential energy surfaces, ML models allow research-
ers to bypass computationally expensive calculations, granting 
access to complex molecular systems that were previously out 
of reach. However, such data-driven acceleration works best 
when coupled with rigorous theoretical frameworks that include 

the underlying physics. In particular, we need high-accuracy 
electronic-structure theories to generate the training data and 
rigorous semiclassical theories to determine the dynamics on 
the resulting ML-PESs. Ultimately, while ML dramatically re-
duces the computational cost, the expertise of the theoretician 
remains essential to correctly define physical problems, develop 
improved theories, and interpret the new phenomena revealed by 
such hybrid approaches.
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