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Abstract: In this study, we expand upon and benchmark the Kim–Gordon method (KG), a subsystem density 
functional theory (DFT) approach appended with a machine-learned correction to compensate for errors in the 
kinetic energy term and thereby match Kohn–Sham (KS) DFT accuracy. This correction is obtained through ‘del-
ta-learning’ based on KS-DFT data. The method promises sampling of configurations for condensed molecular 
systems at the Kohn–Sham DFT level of accuracy at a fraction of the computational cost. Despite encouraging 
results for liquid water, it was not obvious whether the scheme had more general appeal. In this work, we show 
that the approach allows for a broad range of applications. In particular, we successfully apply it to complex 
molecular liquids, such as bulk ammonia and methanol. As a bonus, the correction trained on the bulk KS data is 
applicable to clusters, illustrating its transferability. By focusing on ‘delta-learning’—predicting small corrections 
rather than full Kohn-Sham (KS) energies and forces—we significantly reduce the required training data. This 
approach, especially when combined with linear-scaling self-consistent field (LS-SCF) techniques, establishes 
the method as a highly efficient computational tool for molecular dynamics.
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1. Introduction
Classical force fields are often the method of choice for long-

time and large-scale molecular dynamics (MD) simulations.[1–4] 
Their computational efficiency allows for extensive exploration 
of phase space and the study of structural, thermodynamic, and 
dynamical properties in multiatomic systems. For liquids, this in-
cludes diffusion and transport coefficients, solvation dynamics, 
and interfacial phenomena such as wetting, friction, and surface 
tension, which are crucial for understanding both equilibrium and 
nonequilibrium behaviour of matter.[5–9] Nevertheless, most force 
fields remain empirical: they are typically parametrized for specif-
ic systems and may perform poorly when electronic effects such 
as polarization, charge transfer, or bond rearrangements play a 
significant role.

Electronic-structure methods based on quantum mechanics 
provide a more fundamental description, as they include the rele-
vant interactions from first principles. In principle, these methods 
are preferable whenever transferable accuracy is required, for ex-
ample in reactive liquids, complex mixtures, or charged systems. 
However, the computational cost of approaches such as density 
functional theory (DFT) severely limits the accessible length and 
time scales. To address this challenge, a wide range of approxi-
mate electronic-structure schemes and algorithmic strategies have 
been proposed, including linear-scaling techniques that exploit 
the locality of electronic structures.[10–12]
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where ρ is the electron density, υ
ext

 is the external potential, E
xc

[ρ] 
is the exchange-correlation energy functional, and E

H
[ρ] is the 

Hartree functional:

In conventional Kohn–Sham DFT, the non-interacting kinetic 
energy functional T

s
[ρ] is evaluated from auxiliary orbitals. By 

contrast, in OF-DFT, this quantity is approximated directly as an 
explicit functional of the electron density,

so that the total energy becomes

Thus, a key aspect of the OF-DFT scheme is the choice of the 
kinetic energy functional, in particular its explicit dependence on 
the electron density ρ.[37,38] Accurate results are, however, often 
hampered by the lack of sufficiently accurate approximations for 
this quantity.[39–41] E

xc
[ρ] is also always approximated and is an-

other major error source in practical DFT; this issue is not being 
addressed here. 

The Kim-Gordon (KG) theory combines these two formal-
isms and exploits fragmentation into subsystems. The total elec-
tronic density ρ

tot
 is computed as the sum over the subsystem 

densities ρ
A
, which are constructed by restricting the expansion 

to the basis-set functions  belonging to the subsystem 
itself:

where P is a one-electron reduced density matrix.
The total energy is then obtained as

where the orbital-free functional is defined as

with

Due to the partitioning, the density matrix P is by construc-
tion block-diagonal, and the same holds for the KS matrix, since 
only matrix elements of the form  are taken into account. 
Consequently, the orbital kinetic energy contribution in the sub-
system KS part is additive,

(2)

(3)

(4)

(5)

(6)

(7)

(8)

Subsystem DFT offers an interesting strategy for complex-
ity reduction by partitioning the electronic-structure problem 
into smaller subsystems that can be treated independently.[13,14] 
This idea is particularly natural for molecular liquids, where the 
system can be divided into molecular fragments. Among the 
various formulations of subsystem DFT, the Kim–Gordon (KG) 
scheme[15–18] has been studied. In the original formulation,[19] the 
energies of subsystems are minimized independently, with a cor-
rection term for the non-additive exchange–correlation (XC) and 
kinetic energy contributions.

Implementations such as that in the CP2K program pack-
age,[20,21] which employ the Gaussian and plane-wave (GPW) 
formalism,[22] can be coupled with linear-scaling algorithms and 
thereby treat large systems. Despite these advantages, the applica-
bility of the KG scheme to ab initio molecular dynamics (AIMD) 
remains limited. First, technical bottlenecks arise because the ki-
netic energy functional and other density-dependent terms must 
be represented on real-space grids and Fourier-transformed for 
each subsystem, a step that becomes prohibitively costly in very 
large systems. Second, at the level of orbital-free density func-
tionals, KG performs adequately for weakly interacting systems 
such as gases, but fails to capture the correct intermolecular inter-
actions in condensed phases, leading to incorrect sampling.[14,23] 
These limitations are both technical and fundamental: the for-
mer concerns scaling with respect to grid operations, while the 
latter reflects the difficulty of constructing universally accurate 
non-additive kinetic energy functionals. Several remedies have 
been proposed, ranging from non-decomposable corrections[24] to 
orbital-dependent functionals.[25]

A pragmatic alternative is to introduce data-driven corrections 
that can approximate the missing contributions at low cost. Recent 
progress in machine learning (ML) has shown that potential en-
ergy surfaces can be accurately represented by models trained 
on large datasets of electronic-structure calculations.[26] While 
ML force fields are typically designed to reproduce the entire 
potential energy surface, in the KG context the correction can 
be restricted to the small but critical non-additive contributions. 
This retains the molecular electronic structure of the subsystems 
while recovering Kohn–Sham accuracy for energies and forces at 
a fraction of the computational price. Despite recent progress[27] 
in universal[28] and liquid-specific ML-based force fields (such as 
MB-Pol[29]), we argue that direct electronic-structure information 
remains essential because it provides access to properties that can-
not be captured by purely mechanistic force-field descriptions. 
Further opportunities are opened by using ML density function-
als[30] within subsystem DFT frameworks, such as the one de-
veloped in this work. In this work, we extend the ML-based KG 
approach to molecular liquids. Our aim is to assess its perfor-
mance across different condensed-phase systems and to compare 
it with established subsystem methods. In particular, we bench-
mark against the absolutely localized molecular orbital (ALMO) 
scheme,[31–33] which provides a controlled approximation to the 
full-system electronic structure at the DFT or Hartree–Fock level 
and represents a well-established 0(N) method for large-scale sim-
ulations.[21,34] By combining linear-scaling algorithms with ML 
corrections, we seek to demonstrate a route towards accurate and 
efficient quantum-based molecular dynamics of liquids.

2. Subsystem DFT: the Kim–Gordon Method
The starting point of orbital-free density functional theory 

(OF-DFT)[35,36] is the Kohn–Sham (KS) energy functional: 

(1)
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In the simplest Thomas–Fermi approximation, which is exact 
for homogeneous systems, the kinetic energy is proportional to 
ρ5/3, which leads to a model for atomic local potentials of the form

where ρ
a
 is the model atomic density and N

a
 is a fitted parameter. 

In this case the atomic density is approximated with a Gaussian. 
The potential has been obtained directly using the CP2K code,[42] 

starting from the Goedecker–Teter–Hutter pseudopotentials,[43,44] 

and the fitting region has been confined within the Bohr radius 
for each atom type.

As discussed above, our goal is to apply this method to molec-
ular liquids, taking advantage of the clear definition of subsystems 
and the localization of electronic density. Intermolecular interac-
tions and the resulting polarization or charge-transfer effects can 
be particularly significant in hydrogen-bonded networks, such as 
liquid water, or in other polar liquids. To gain a deeper under-
standing of the kinetic energy-functional term and to explore how 
it can be described more accurately for optimal agreement with 
the Kohn–Sham reference, we performed a series of tests on small 
molecular systems.

2.2 Delta-Learning Training
The missing term in the KG scheme arises mainly from the 

repulsive forces resulting from the orthogonalization of wave 
functions on neighbouring subsystems. The relatively short range 
of this interaction makes it suitable for description using a ML 
potential.[45–49] By interpolating energies and forces over a set of 
reference structures, it is possible to generate interatomic poten-
tials that accurately reproduce the potential energy surfaces 
(PESs) obtained from various quantum-chemistry methods. A key 
requirement is thorough exploration of phase space to ensure rep-
resentative sampling of configuration space, which in turn guar-
antees the accuracy of the resulting potential. One well-estab-
lished ML approach for potential energy surfaces is the Behler–
Parrinello neural-network (BPNNP) scheme,[50,51] which maps 
atomic coordinates onto a set of two- and three-body symmetry 
functions[51] that capture correlations between atoms in the neigh-
bourhood of a central atom. The more optimized these symmetry 
functions are, the more accurately energies and forces are repro-
duced compared with the reference data. The two-body term is 
represented by

where η and R
s
 define the width and position of the Gaussian with 

respect to the atom centre and f
c
(R

ij
) is the switching function that 

ensures a smooth drop to zero at the cutoff value r
c
. The three-

body term is

where ζ, η, and λ define the shape of the angular part of the func-
tions. Lastly, the cutoff is defined as

(17)

(18)

(19)

(20)

Assuming that the external energy functional is linear in the 
density,

which holds for local potentials and can be extended to pseudopo-
tentials with non-local parts,[19] the total energy becomes

where the non-additive kinetic energy is defined as

Within the GPW formalism, the evaluation of  and the 
associated contribution to the KS matrix is performed by locating 
the density of each subsystem on the real-space grid and carrying 
out numerical integration to obtain . This operation is ap-
proximately N

A
 times more expensive than locating ρ

tot
 as a whole 

and integrating the corresponding terms.

2.1 Potentials
To avoid integrating the kinetic energy functional for each 

subsystem, the non-additive term can be replaced by a potential 
form. Introducing the local kinetic energy density functional μ[ρ], 
the non-additive term (for simplicity denoted as T

nadd
) can be re-

written as

Expanding in a Taylor series truncated at the linear term, we 
obtain the approximation

which gives

A further approximation of the derivative functional in atomic 
contributions is

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(9)
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such as basis-set completeness, plane-wave cutoffs, and SCF ac-
curacy to assess robustness.

The delta-learning KG approach was evaluated through compar-
isons with reference KS calculations using root mean square errors 
(RMSEs) in energies and forces, as well as structural metrics such 
as radial distribution functions (RDFs). Transferability of models 
was assessed by applying bulk-trained models to molecular clusters 
of varying size and topology. Additional validations were conducted 
on randomly sampled geometries to ensure generalizability.

Simulations and analyses were performed using the trained 
potentials, based on the available n2p2 outputs[56,57] (the original 
training configurations were not accessible to the authors at the 
time of the manuscript preparation, but all relevant log files and 
reproducibility documentation were available), together with the 
cross-validation data and symmetry-function definitions. Complete 
benchmarking data are provided in the Supporting Information.

3.2 Bulk Ammonia
We begin by describing a molecular-dynamics simulation of 

liquid ammonia at 230 K. Our goal is to investigate how different 
factors, including training and linear-scaling setup, can impact 
performance. We performed a 4 ps MD simulation in the NPT 
(constant-number, pressure, and temperature) ensemble at 230 K 
and at atmospheric pressure, using full Kohn–Sham DFT on a 
periodic cubic cell containing 64 ammonia molecules. The system 
was equilibrated to a cell size of 13.6830 Å. In our delta-learning 
approach, we have two main components: one represented by the 
DFT setup and the other by the potential correction. It is important 
to consider the impact of the calculation settings on training. To 
address this question, we used a dataset comprising 500 configu-
rations from a 20 ps simulation at 230 K, 80 configurations from 
a simulation using an initial ML potential, and 180 configurations 
from two simulations at 210 K and 240 K. All calculations were 
performed at the Kohn–Sham level. Approximately 10% of the 
total number of structures were used for testing after training. 
We conducted five training sessions: first, we increased the cutoff 
energy from 800 Ry to 1000 Ry; second, we tested various lin-
ear-scaling configurations by adjusting the filter settings (loose, 
tight, and very tight); and finally, we completely removed the lin-
ear-scaling. Fig. 1 shows that the training does not appear to be 

for Rij ≥ r
c
, and

for Rij ≥ rc.
In some cases, it is possible to add a potential that reproduces 

only a fraction of the total energy of the system. For instance, a 
specific term in the energy expression can be captured using the 
so-called delta-learning scheme. The training set for this approach 
is represented by

and

where i runs over all atoms, ‘target’ denotes the reference meth-
od to be reproduced, and ‘starting’ denotes the method to be 
corrected. From these differences, the algorithm can generate an 
empirical potential that is computationally inexpensive. When 
added to P-KG, this potential effectively approximates the KS 
potential.

The machine-learning potentials are trained, in this work, us-
ing configurations extracted from PBE-KS simulations, with var-
ying system sizes and temperatures to ensure broad phase-space 
coverage. In some cases, the initially generated potentials fail to 
reproduce the KS results, and high-energy configurations from 
these attempts are incorporated to help the model recognize un-
feasible states. Typically, 10% of the total structures are reserved 
for testing, while the remaining data are used for training. This 
procedure is applied consistently throughout this work.

3. Evaluating the Kim–Gordon Method: Application 
Across Multiple Systems and Accuracy Analysis

3.1 Methods and Computational Setup
All calculations in this study were performed using the CP2K 

program package.[21,42] The Kohn–Sham calculations were per-
formed in combination with a generalized-gradient-approxima-
tion (GGA) exchange–correlation functional, supplemented by 
dispersion corrections.[52,53] Core electrons were treated using 
norm-conserving pseudopotentials of the Goedecker–Teter–
Hutter type,[43] and valence electrons were expanded in atom-cen-
tred Gaussian basis sets optimized for condensed-phase simula-
tions.[54] The GPW formalism was used to efficiently solve the 
Kohn–Sham DFT equations, with plane waves serving as an aux-
iliary basis. Different energy cutoffs were used for each system; 
the specific values are provided in the corresponding sections. 
Periodic boundary conditions were applied for bulk phases, while 
finite systems such as molecular clusters were treated in vacuum 
without periodicity. In periodic calculations, only the Γ-point was 
considered within the supercell approach.

ML corrections were implemented using a delta-learning 
scheme, primarily in combination with the Kim–Gordon meth-
od and with linear-scaling SCF techniques, including purifica-
tion-based approaches.[55] Molecular-dynamic simulations were 
used to generate training and validation data in the relevant en-
sembles, with temperature controlled by Nosé–Hoover thermo-
stats. Delta-learning models were trained on data derived from 
DFT trajectories, with systematic variation of numerical settings 

(21)

(22)

(23)

Fig. 1. Learning curve for the training of 64 ammonia molecules. The 
y-axis reports the RMSE of the energy per molecule. Three setups 
were used on the same dataset: the red line represents delta training 
performed with a cutoff of 800 Ry and a linear-scaling filter of 10−8; the 
black dots correspond to delta training with a cutoff of 1000 Ry and a 
linear-scaling filter of 10−8; and the white stars indicate delta training with 
a cutoff of 1000 Ry and a linear-scaling filter of 10−10.
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significantly sensitive to small changes in forces and energies due 
to different numerical accuracy. This suggests that delta-learning 
potentials can be applied to various DFT setups without introduc-
ing significant errors.

To ensure consistency in this study, we simulated each system 
using its respective potential and obtained 50 ps trajectories for 
each. All calculations were carried out with the CP2K program 
package.[21,42] We used dual-space Goedecker–Teter–Hutter pseu-
dopotentials[43,44] and MOLOPT TZV2P basis sets.[54] Periodic 
boundary conditions were applied to the cell mentioned above. 
We used the PBE exchange–correlation functional[52] augmented 
by Grimme’s D3 dispersion corrections[53] for all the KS, ALMO, 
and KG calculations. Molecular-dynamic simulations were car-
ried out within the canonical ensemble (constant number of parti-
cles, volume, and temperature; NVT) at 230 K with a time step of  
0.5 fs using the Nosé–Hoover thermostat. The KG method was 
always applied together with a linear-scaling scheme based on 
trace-resetting purification of an effective Hamiltonian (TRS4).[55]

The N–N ammonia peak is reported in Fig. 2. Here we com-
pare KS-PBE (blue line), ML-P-KG (red line), and ALMO-SCF 
(black line). All curves show good agreement; however, the KG 
method shows a slightly lower intensity, while ALMO shows a 
slightly higher intensity in the first peak compared with KS. In 
the Supporting Information (SI), we also present the other RDFs 
from all our simulations, for example those obtained using high-
er cutoffs and different least-squares algorithms, as well as the 
cross-validation results related to the training of this system. In 
the final section, we examine the accuracy of the calculations, 
discussing the factors that influenced reliability and the implica-
tions for the results presented above. It is known from previous 
literature that linear-scaling applied to molecular dynamics can 
lead to conservative energy drifts.[58,59] This behaviour depends 
solely on the linear-scaling parameters and is not related to the 
KG method or the training procedure. In fact, we observed that 
without linear-scaling, no drift was detected, and modifications to 
the potential did not affect the energy trend.

Fig. 3 displays the conservative energy monitored during the 
simulations with different calculation setups. It is clear that line-
ar-scaling SCF always leads to a drift that depends on how loose 
the filters are. However, the orange line shows that without LS 
there are no evident energy drifts. It is important to note that ref-
erence scaling tests for the KG method, including linear-scaling 
behaviour, can be found in Ref. [17]. Its computational cost de-
pends on the number of molecules, the number of processors, and 
the chosen DFT-level accuracy (e.g. basis set and cutoff).

3.3 Bulk Methanol
It is desirable to extend the method to more complex liquids. 

In this section, we performed full machine learning and KG del-

ta-learning for a system containing 32 methanol molecules and 
compared the results. We aim to understand whether the del-
ta-learning scheme provides a meaningful advantage over full-
range training. As in the previous case, the program package 
CP2K[21,42] was used, employing dual-space Goedecker–Teter–
Hutter pseudopotentials[43,44] and MOLOPT TZV2P basis sets.[54] 
Periodic boundary conditions were always applied to the cell with 
side length 13.0562 Å. We used the PBE XC functional[52] aug-
mented by Grimme’s D3 dispersion corrections[53] for all the KS, 
ALMO, and KG calculations. Molecular-dynamic simulations 
were carried out within the NVT ensemble at 298.15 K with a time 
step of 0.5 fs using the Nosé–Hoover thermostat. The KG method 
was always applied together with a linear-scaling scheme based 
on trace-resetting purification of an effective Hamiltonian 
(TRS4).[55] We extracted 600 configurations from a 30 ps KS-PBE 
simulation to perform the machine-learning part, and approxi-
mately 10% of them were used for testing after training.

Fig. 4 shows that lower values of the root mean square error 
are reached in the case of delta-learning compared with full ma-
chine-learning training. This dataset can be considered relatively 
small in size, as it comprises only 600 configurations obtained 
from a single temperature. It was specifically chosen to test the 
efficiency of the delta-learning approach. Despite both training 

Fig. 4. Learning curve relative to the training of 32 methanol molecules. 
The RMSE of the energy per molecule is shown; the red line represents 
the delta training, and the black line displays the full ML training.

Fig. 2. N–N pair distribution function calculated for KS with a cutoff 800 
Ry (blue line), ML-P-KG with a cutoff equal to 800 Ry (red line), and 
ALMO-SCF with a cutoff equal to 800 Ry (black line). The MD sampling 
has been carried out at 230 K. Fig. 3. Conservative energy plotted during the simulations with different 

calculation setups. Linear-scaling SCF always leads to a drift that de-
pends on how loose the filters are. The orange line shows that without 
LS there are no evident energy drifts.
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periodic boundary conditions were not applied. We generated a 
‘cluster potential’ starting from 500 ammonia tetramer configura-
tions extracted randomly from bulk ammonia simulations. Here, 
we compare the RMSEs of energies and forces across the different 
systems.

Figs. 6 and 7 report the RMSE of energy and forces for am-
monia clusters. The potential trained on tetramers (blue bars) 
shows better performance than the bulk potential (red bars) for 
small clusters (2–3 molecules); however, as expected, it is less 
accurate than the bulk potential for larger clusters such as the 
pentamer. Because the bulk potential was trained on many mole-
cules under varying conditions, it can reproduce a wider range of 
systems compared with the cluster potential. Even in the case of 
dimers and trimers, the resulting RMSE remains within an accept-
able range.

Fig. 6. RMSE of energy per molecule in eV for four different cluster 
systems (dimer, trimer, tetramer, and pentamer). All structures were 
previously optimized at the Kohn–Sham level. The red bars represent 
the RMSE calculated by comparing KS and KG corrected by the bulk 
potential, whereas the blue bars compare KS and KG corrected by the 
cluster potential.

Fig. 8. RMSE of energy per molecule in eV (top line) and RMSE of forc-
es per atom in eV/Å (bottom line) for trimers and pentamers extracted 
randomly from bulk ammonia. The total number of configurations is 100. 
The red bars represent the RMSE calculated by comparing KS and KG 
corrected by the bulk potential, whereas the blue bars compare KS and 
KG corrected by the cluster potential.

approaches yielding acceptable RMSE values, we observed that 
the full machine-learning potential was not yet stable enough for 
running MD simulations, likely due to the limited phase space 
explored. However, employing the exact same training parameters 
in our delta scheme, the resulting potential was very stable and 
suitable for performing simulations.

The radial distribution function can be calculated from the MD 
simulation, and the O–O curve is reported in Fig. 5. All the meth-
ods are in agreement, although the first peak is slightly overesti-
mated by the ALMO method and there are some small differences 
between the first minimum and the second shell for all the meth-
ods compared with KS. Despite the limited size of the dataset, the 
results are consistent and demonstrate satisfactory accuracy. The 
Supporting Information provides the machine-learning inputs and 
cross-validation details associated with the training of this system.

3.4 Ammonia and Methanol Clusters
Lastly, we want to assess to what extent the potential generat-

ed for the bulk (see Fig. 1) can be transferred to clusters and 
whether the resulting errors remain within an acceptable range. To 
achieve this, we started from four ammonia structures: dimer, tri-
mer, tetramer, and pentamer. The DFT calculation setup was the 
same as described in the previous section, except that in this case 

Fig. 7. RMSE of forces per atom in eV/Å for four different cluster sys-
tems (dimer, trimer, tetramer, and pentamer). All structures were pre-
viously optimized at the Kohn–Sham level. The red bars represent the 
RMSE calculated by comparing KS and KG corrected by the bulk poten-
tial, whereas the blue bars compare KS and KG corrected by the cluster 
potential.

Fig. 5. O–O pair distribution function calculated for KS (blue line), ML-
P-KG (red line), and ALMO-SCF (black line). The MD sampling has been 
carried out at 298.15 K.
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Because the analysis based on a single equilibrium configu-
ration for each structure is not statistically representative, we ex-
tended it to a further 100 trimer and 100 pentamer configurations 
extracted randomly from a KS-PBE trajectory of bulk ammonia. 
Fig. 8 shows in the top line the RMSE related to energies and in 
the bottom line the RMSE related to the forces of trimers and 
pentamers. The tested potentials are the same as those discussed 
in Figs. 6 and 7. The inaccuracy of the cluster potential (blue bars) 
in predicting forces becomes increasingly evident as the number 
of molecules increases. In contrast, the bulk potential (red bars) 
shows lower accuracy in smaller systems. As expected, even with 
an increase in the number of configurations, the results reported 
in Figs. 6, 7, and 8 remain in agreement. The same procedure 
was repeated for the methanol trimers extracted from the bulk 
system, in this case employing only the bulk potential described 
previously (see Fig. 5).

The RMSE can be considered to be in the same range as in the 
case of ammonia clusters.

4. Conclusions
In this work, we explored the efficiency and accuracy of the 

Kim–Gordon method within the framework of subsystem DFT, 
with a focus on the application of a delta-learning correction for 
molecular liquids. The KG method is an alternative to convention-
al Kohn–Sham DFT because it leverages subsystem partitioning 
and local kinetic energy approximations to reduce computational 
costs while maintaining accuracy.

We demonstrated that the application of delta-learning signif-
icantly improves the accuracy of KG calculations by effective-
ly correcting for missing energy contributions due to subsystem 
partitioning. The training strategy used for the delta-learning 
part proved to be robust in different DFT setups, as shown by 
the benchmark results on bulk ammonia and bulk methanol. In 
particular, our results indicate that delta-learning-based correc-
tions can successfully capture short-range repulsive interactions, 
enhancing the accuracy of the KG method, originally applied to 
the gas phase, in liquid-phase simulations.

Through molecular-dynamic simulations, we established that 
the KG approach yields structural and dynamical properties that 
are in good agreement with full Kohn–Sham DFT calculations. 
The radial distribution functions obtained for bulk ammonia and 
methanol highlighted the validity of the KG method. Additionally, 
our analysis of conservative energy drifts in linear-scaling calcula-
tions shows the importance of fine-tuning the linear-scaling filter 
threshold to ensure stability and reliability in long-time molecu-
lar-dynamics simulations.

In general, the KG method combined with delta-learning re-
mains a machine-learning-based approach that requires training. 
However, it offers a significantly more computationally efficient 
alternative to traditional machine-learning potentials in quantum 
chemistry. This makes it well suited for large-scale simulations of 
molecular liquids. Future work will focus on further refining the 

kinetic energy functionals used in the subsystem approach and 
exploring its applicability to more complex chemical systems, in-
cluding heterogeneous interfaces and reactive environments.

Supporting Information
Additional details, including symmetry-function definitions, 

cross-validation data, and derived molecular-dynamics simulations and 
computed properties, are provided in the Supporting Information.
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